Abstract. In this paper, we consider two generalized binary sequences and then give a generalization of a matrix equality proposed as an advanced problem. Then we derive new certain …nite sums including the generalized binary sequences as applications.
Introduction
De…ne the generalized Fibonacci and Lucas sequences as for n > 0 U n+1 = P U n + U n 1 ; V n+1 = P V n + V n 1 where U 0 = 0; U 1 = 1 and V 0 = 2; V 1 = P; respectively. When P = 1; then U n = F n (nth Fibonacci number) and V n = L n (nth Lucas number).
The Binet formulae are U n = n n and V n = n + n ;
where and are the roots of x 2 P x 1 = 0: From [8] , it is known that for k 0 and n > 1
De…ne the matrix A as follows
In [3] , the authors obtained new results for the sequence fU kn g by using its generating matrix. For example, we have
( 1) k+1 U k(n 1) (1.2) and A n = 1
If (k) and (k) are the roots of equation
Then the Binet formulas of the sequences fU kn g and fV kn g are
Note that (1) = and (1) = ; where and are de…ned as before. De…ne the matrices G and I as shown
In [4] , as an advanced problem, it was proposed that for m > 0; prove that
where
and F m is the mth Fibonacci number. Also note that
The problem was solved by Bruckman, Kappus and Sei¤ert and the proposer (see [1] ).
Many authors have used matrix methods to derive some identities, combinatorial representations for terms of linear recurrence relations (for more details see [2, 5, 6, 7, 3, 9] ). Matrix methods have been useful tools for solving problems stemming from number theory and deriving combinatorial identities for certain linear recurrences.
Here we recall a well known formula for later use: Let M and N be two matrices with the same order. The Waring's formula is
In this paper, motivated by the advanced problem, we will consider general Fibonacci and Lucas numbers, and, related generating matrices, then we derive more general case of the problem. As consequences of our generalization, we obtain several …nite sums for the sequences fU kn g and fV kn g : We also derive new combinatorial identites for the sequences.
A Generalization of the Problem
In this section, we present a generalization of the problem mentioned in the Introduction. De…ne 2 2 matrices H and R in terms of the matrices A; A 1 and their nth powers as follows:
and
Here clearly H = R 1 : If we sum the the equations (1.2)-(1.3), we get
V kn I if n is odd and k is even.
Since the eigenvalues of H are 1 and 2 ; we obtain
Theorem 1. For m 1 and odd k 1;
and I is the unit matrix of order two.
Proof. Denote S m be the sum on the LHS of (2.4). Let
Since det (A n + I) = V kn + ( 1) kn + 1; we write
Thus, the equality in Taking u = 2 m and by the inductive hypothesis, we get
which after some arrangements equals
as claimed.
Corollary 1.
For n 1 and odd integer k 1
Proof. The proof follows by equating the entries (1; 1) and (1; 2) of the matrix equations in (2.4).
Some Miscellaneous Formulae
In this section we consider the matrix A in (1.1) and then use some known matrix methods given in [3] to derive some new sums formulae for the sequences fU kn g and fV kn g : Theorem 2. For n 0 and k > 0;
Proof. By the characteristic polynomial of matrix A; we write
Equating (2; 1)-entries of (3.3) gives the claimed results.
Theorem 3. For n 0; odd k > 0 and t = 1; 2;
if n is even.
Proof. Using (2.1) and (2.2), we get
From the matrix equality in (3.4) and using (2.3), we have the conclusion.
Theorem 4. For any integer k and even n;
if t is even,
if t is odd, and for m = 1; 2; odd integers k and n;
Proof. From (2.2), we have
After some arrangements, we write
By equating corresponding entries of the matrix equation above, the proof follows.
Theorem 5. For n > 0 and even k;
Proof. Since V k I = A 1 + A; we write
which, by equating the corresponding entries and using (1.3),(2.1) and (2.2), gives us the claimed result.
Proof. From (1.2) and (2.1), we get
From (2.1), we have HA = A 2 + I and so
Equating (2; 1)-entries of (3.6) gives the conclusion.
Theorem 7. For t = 1; 2;
7)
and for odd n and even k;
Proof. By (1.4) and (2.1), we write that for n > 0
By equating (1; 1)-entries of (3.8) and by (2.2) and (3.3), the claim is proven.
Theorem 8.
V kn if n is even or if n is odd and k is even, U kn V k(n+1) if n and k are odd.
Proof. By (3.8), we have
The proof follows by equating (1; 1)-entries of (3.9) and from (3.7).
The matrix equation ( 1) j 1 V k(n 2j+1) + ( 1) (n 1)=2 :
Proof. By (3.10), we write
From (2.2), we have that for odd n; R n = ( 1) (n 1)=2 H + H (n 1)=2 X j=1
( 1) j 1 V k(n 2j+1) I: (3.12)
The proof follows by equating (1; 1)-entries of (3.12).
Theorem 10. For odd n and any integer k;
(n 1)=2 X j=0 2j t U k(2j+3) + 2U k(2j+1) = n+1 t U kn + ( 1) k U k ; t = 1; 2:
